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THE MOTIVIC DGA:I 


ROY JOSHUA 


Abstract. The main goal of this paper is to associate to each smooth quasi-projective scheme X over any field an 
differential graded algebra whose cohomology groups are the higher Chow groups of X. Modulo torsion, this 
provides a strictly commutative differential graded algebra. Such a construction is currently known only for the case 
X itself is a field. Needless to say there are several applications of this result, some of which are considered here: for 
example, we are able to construct a category of relative mixed Tate-motives associated to any such scheme under 
the hypothesis that the DGA we obtain is connected. We also show that this holds for all smooth linear projective 
varieties over a field /c, if the Beilinson-Soule vanishing condition holds for the field. The existence of all cohomology 
operations on mod-p motivic cohomology for p > 2 together with all of the expected relations for primes p > 2 
follow by appropriately modifying the £'°°-operad to take into account the weights. The expected relations for the 
case p = 2 also can be handled by our machinery; however these require more work and are therefore left to the 
second part of this paper. 


1. Introduction 

The main result of this paper is the construction of an E°° differential graded algebra associated to any smooth 
quasi-projective scheme X over a field k whose cohomology will be the integral motivic cohomology associated to 
X. The relevance of such a gadget for the case the scheme itself is Spec k to the construction of a category of 
mixed Tate motives over Spec k seems to appear first in some correspondence of Deligne to Bloch and May: see 
[De-2]. Such a result was claimed in general in [K-M], Part II, section 6; however certain non-trivial difficulties 
make their arguments valid only for the case X = Spec k. Their difficulties may be ultimately traced back to 
inherent difficulties with the higher cycle complex. These are overcome, following some suggestions of Spencer 
Bloch, by making use of the motivic complexes. We provide an explicit construction of an operad that lives in the 
A^-local category of simplicial presheaves (on the big Zariski or Nisnevich site of schemes of finite type over a given 
field k.) We show that the (graded) motivic complex may be replaced upto quasi-isomorphism by an object which 
is an algebra over this operad. The A^-local structure plays a major role in producing this quasi-isomorphism. The 
passage from the E°° DGA to a strict DGA on tensoring with Q is carried out by a standard procedure. 

Here is an outline of the paper. We begin section 2 by establishing the correct framework for the rest of the 
paper. This is followed by the construction of the operad we call the cubical endomorphism operad in the next 
section. Relevant material on simplicial presheaves and operads are recalled here from the appendix. We prove 
that this operad is in fact an A°°-operad. 

The fourth section discusses the motivic complexes; we consider cubical versions as these are better suited for 
our purposes. (In fact, the cubical version of the graded motivic complex already forms a strictly associative 
differential graded algebra; however it is only homotopy commutative.) We show that the graded motivic complex 
may be replaced by a quasi-isomorphic algebra over the cubical endomorphism operad. Since the above operad is 
, we are able to produce a strictly commutative differential graded algebra on tensoring the above algebra with 
Q and on applying a certain functor. This is the motivic DGA. The following theorem summarizes one of the main 
results of the paper: 

Theorem 1.1. Let (qp.smt.schemes/k) denote the category of quasi-projective smooth schemes over afield k. 

1. There exists a functor 

: {qp.smt.schemes/k)°^ —> {DG — algebras over Q) 

so that Q™°* = © Q'"°*’'^(r). If X is a quasi-projective smooth scheme over k and = r(A, Q™°‘), 

r>0,q 

_ff9(Q)^°*(r)) = il^(A, Q(r)) = the (rational) motivic cohomology of X in degree q and weight r. 

2. More generally there exists a functor 

jmot . (^qp_gYyii gQ}iQjYies/k)°^ —> (A°° DG — algebras) 
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so = © Z™°‘’^(r). IfX is a quasi-projective smooth scheme overk andl7I^°^ = r(X,Z™°*), i/'J(Z^°*(r)) 

r>0,q 


Hj^{X,'Z(r)) = the motivic cohomology of X in degree q and weight r. 


Moreover, both the functors are presheaves satisfying cohomological descent (as in definition l.i) on the big 
Zariski and Nisnevich sites of smooth quasi-projective schemes over k. 


The fifth section contains a definition of all reduced power operations in mod-p motivic cohomology for all p > 2. 
This is made possible by incorporating weights into the definition of the operad; this way the operad acts on the 
motivic complexes and can be made to change the weights appropriately. We also show that it is possible to derive 
all of the expected relations for primes p > 2 simply as a corollary to the existence of a weighted ill°°-algebra 
structure on the motivic complex. The case p = 2 also can be handled by our machine; however, the details are a 
bit more involved and are therefore left to the second part of this paper. 


The last section shows how to define a category of rela tive mixed Tate motives from a Hopf-algebra constructed 
from the motivic DGA. (See Theorem ^ and Corollary |6.6|.) We may summarize these as the following theorem. 


Theorem 1.2. Let X denote any one of the following schemes which is also assumed to be smooth and projective 
over a given field k. 

• linear varieties over k - see \6.f{ for the definition 

• All toric varieties 

• All spherical varieties (A variety X is spherical if there exists a reductive group G acting on X so that there 
exists a Borel subgroup having a dense orbit.) 

• Any variety on which a connected solvable group acts with finitely many orbits. (For example projective spaces 
and flag varieties.) 

• Any variety that has a stratification into strata each of which is the product of a torus with an affine space. 

Then = 0 for i < 0 or (i = 0 and r ^ 0) while = Q if i = 0 and r = 0 provided the Beilinson- 

Soule conjecture holds for the rational motivic cohomology of Spec k, i.e. H')^{Spec fc;Q(r)) = 0 if i < 0, 

{Spec k; Q(r)) = 0 if r ^ 0 and {Spec fc; Q(0)) = Q. 

Let A = Q’^°* and let denote the derived category of cohomologically bounded below A-modules. (See section 6 
for more details.) The following categories are equivalent in these cases: 


(i) The heart Ha o/D^ 


(ii) The category of generalized nilpotent representations of the co-Lie algebra "/a 
(H i) The category of co-modules over the Hopf-algebra XA 

(Both XA cind XA ctre defined in section 6.) Moreover, in these cases, there exists an l-adic realization functor 
(for I char{k)) from the above category to the category of mixed Tate l-adic representations of the algebraic 
fundamental group of X. 


The /-adic realization functors follow as in the work of Bloch and Bloch-Kriz. (See [Bl-3] and [Bl-K].) In 
particular, making use of some well-known results on the motivic complex with finite coefficients, we obtain the 
structure of an if°°-algebra structure on a complex whose cohomology is etale cohomology. This extends to a 
DGA-structure on a complex whose cohomology is continuous Z-adic etale cohomology. (These also answer some 
questions of Thomas Wenger.) In fact, this way one may also see that the cycle map from motivic cohomology to 
etale cohomology is compatible with the if°“-structures. 

An appendix collects together several results on localization of model categories, (discussed for example in 
[Hirsch]) as well as relevant details on operads. (These discussions are included mainly for completeness and 
for the sake of the reader who is not an expert in these topics.) The decision to work cubically (as opposed to 
simplicially) seems to simplify some of our constructions: for example, the construction of the operad seems simpler 
this way and moreover it makes the differential graded algebra we obtain strictly associative (integrally). 

We would like to thank Spencer Bloch, Patrick Brosnan, Zig Fiedorowicz, Eric Friedlander, Peter May, Markus 
Rost and Bertrand Toen for several helpful discussions/correspondence. Needless to say we have freely adopted 
many arguments available in the literature and also used the forthcoming book [Hirsch] as a reference for model 
categories and localization techniques. 
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2. Notation and Terminology 

Let 6 denote a site and let Presh{&) denote a category of presheaves on the site 6 which has the following 
properties: (i) it is complete and co-complete (i.e. closed under all small limits and colimits) and (ii) has a unital 
symmetric monoidal structure defined by a bi-functor iS> : Presh{&) x Presh{&) —> Presh{&). The unit for the 
monoidal structure will be denoted u. The main examples of this frame-work will be the following: the category of 
simplicial presheaves on © (which will be denoted Simpl.Presh{&)), the category of simplicial abelian presheaves 
on © (which will be denoted Simpl.Ab.Presh{&) and the category of all complexes in the latter category. This 
will be denoted C{Simpl.Ab.Presh{&)). In the first (second) case, the monoidal structure is the product of two 
simplicial presheaves (the tensor product of two simplicial abelian presheaves, respectively). In the last case, the 
monoidal structure is defined by the tensor product of two complexes. We may also consider the following two 
symmetric monoidal categories for Presh{&): Chain{Ab.Presh{&)) {Co — chain{Ab.Presh{&))) = the category 
of all chain complexes (co-chain complexes, respectively) of abelian presheaves on the site © with the monoidal 
structure given by the tensor product of complexes. A chain-complex (co-chain complex will mean a complex 
with differentials of degree —1 (-1-1, respectively). (We will pass from a chain-complex to a co-chain complex by 
re-indexing: i.e. if C* is a chain complex we let C* denote the associated co-chain complex defined by C” = C-n-) 
We let the constant presheaf associated to the singleton set {1} define the unit for the product of two simplicial 
presheaves; clearly the constant presheaf Z defines a unit for the tensor product of two simplicial abelian presheaves 
and two abelian presheaves. 

For the most part, the only sites we consider in this paper will be the following ones. Let S denote a fixed 
Noetherian base scheme (often a field k of arbitrary characteristic p > 0). Let {smt.schemes/S) denote the 
category of all smooth schemes of finite type over k. This category is skeletally small and therefore we may in fact 
assume it is small. This category will be provided with either the (big) Zariski topology or the Nisnevich topology: 
the former site (the latter site) will be denoted {smt.schemes / S) zar {{smt.schemes /S)n is, respectively). The site 
© will usually denote either one of these sites. If P is a presheaf on the site © and A is a scheme over S, P\x wiU 
denote the restriction of P to the corresponding (small) Nisnevich or Zariski site of X. In sections 4 through 6, we 
will need to assume the base scheme is the spectrum of a field, whereas this is not needed in section 3. 

A map / : P —> P' of chain complexes of abelian presheaves on the site © will be called a quasi-isomorphism if 
it induces a quasi-isomorphism of the associated complexes of sheaves. 

One may observe that Simpl.Presh{&) and {Simpl.Presh{&))^ (for any small category I) are simplicial cate¬ 
gories. The corresponding bi-functor Simpl.Presh{&)°P x Simpl.Presh{&) {simplicial sets) 

{{Simpl.Presh{&y)°'P x {Simpl.Presh{&))^ {simplicial sets)) will be denoted Map. There is also a bi-functor 

Horn : {Simpl.Presh{6)^)°P x {Simpl.Presh{&y) Simpl.Presh{6) 

This has the following properties. 

Homgimpl.Presh{&){ht,'hCom{P^ Q)) = hhomgi^jipi pj.^sh{&){ht X P^Q)^ 

Map{R, T-Lom{P, Q)) = Map{R x P,Q), 

Map{U,P) =T{U,P) and 
T{U, Hom{P, Q)) = Map{Piu, Q^u) 


for R, P, QeSimpl.Presh{6), Ue&. The first three also extend to P, QeSimpl.Presh{&y. Any presheaf of sets 
may be viewed as a presheaf of simplicial sets in the obvious manner. If P, Q are two presheaves of sets, Tiom{P, Q) 
identifies with the presheaf-hom of the presheaves (of sets) P and Q. 


3. The cubical endomorphism operad in the A^-local category 

We will begin by defining cubical objects and discuss the relation between cubical objects and chain complexes 
in abelian categories. 

Definition 3.1. Let □ denote the following category. The objects of □ are the sets {0, 1}", n > 0, where {0, 1}° = 
the singleton set {0} and the superscript denotes the cartesian product n-times, for n > 0. The morphisms in the 
category □ between {0, 1}" and {0, 1}™ will be defined to be all maps of the underlying sets. For each c = 0, 1, 
and 1 < z < n, we have injective maps 6). : {0, 1}”“^ ^ {0, 1}” that place c in the z-th place. For each 0 < z < n, 
we also have a surjective map cr* : {0,1}" ^ {0, 1}”“^ which is the projection onto all but the z-th factor. One 
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may observe the following relations: 

(3.0.3.2) 5i o 5],, = 5]., o , i<j and for all c, c. 


For each integer A: > 1, let denote the category whose objects are /c-tuples {bi,...,bk) of objects of □. A 
morphism from a /c-tuple (6i,..., bk) to a fc-tuple {b'l, ..., 6J,) is a tuple of morphisms (/i,..., fk), where fi'-bi^ 6' is 
a morphism of □. If C is a category, a cubical object (co-cubical object) in C will be defined to be a contravariant 
functor (covariant functor, respectively) AT : □ —> C. In this case = K{Sl) (d* = K{5\)) if AT is a cubical object 
(co-cubical object, respectively) for each i and c = 0,1. The category of cubical (co-cubical) objects in C will 
be denoted 0°p{C) (□(C), respectively). Similarly a multi-cubical object of degree k (a multi co-cubical object 
of degree k) in the category C will be a contra-variant functor AT : ^ C ( a covariant functor AT : ^ C, 

respectively). 

If A is an abelian category, one defines a functor 
( 3 . 0 . 3 . 3 ) NC : {cubical objects in A) —> {chain complexes in A) 


by NC{K)n = Kn, n > 0 and S : NC{K)n NC{K)n-i is defined by Ei(—l)®(d° — d^). The relations in ( 1.0.3.2 ) 
show that this defines a chain complex (trivial in negative degrees). Given a multi-cubical object AT of degree fc, 
NC{AK) will be a multi-chain-complex of degree k obtained by taking 5 (as above) or each degree. Similarly, 
given a multi-co-cubical object AT of degree k in the abelian category A, NC{K) will be a multi-co-chain complex. 


One may define an inverse to the functor NC in the usual manner using the degeneracies: i.e. if A is a chain 
complex trivial in negative degrees in the abelian category A, one lets DNC{L)n = Ln®®^zlsj^. o...osj^Lr, where 
Sj^ o ... o Sj^Lr is a copy of the object Lr indexed by the sequence Sj^ o ... o Sjj. The structure maps are defined so 
that NC{DNC{L)) ~ L and DNC{L) is a cubical object in A. (For example, d° : Ln DNC{L)n-i is given 
by d : A„ —> A„_i and d^j^^ = 0 for alH < n and i = n, c = 1. Moreover 

(3.0.3.4) d‘i{sj^o...osj,){x)=Sh^_^o...osh,{x), if Sh^_^ o ...Sh, = d'i o Sj^ o ... o Sj, 

= Shk o ...o Sh^{d{x)), if ShkOoshiOdl{. = diSj^o ...osj., 

= 0 , if Sh^ o ... o Shi o dj = djSj^ o ... o Sj^, with j<r 


Example 3.2. Now we consider a key example of co-cubical objects in the category of schemes. Let S denote a 
fixed base-scheme and let A" denote the corresponding affine space over S. Let 

(3.0.3.4) A: S ^ Ai A"... 


where the face map d* sends A" into A”+^ as the Ath face consisting of tuples {x \,..., a;i_i, c, Xi ,..., Xn)- (The map 
si = A{crl) on A" is the projection onto all but the Ath factor.) 

3.1. The tensor structures. Let AT = {K(^ni,...,nk)} denote a multi-complex of degree k in an abelian category 

A so that K(^ni,...,nk) = 0 if any ni < 0. We define the total complex associated to AT, Tot{K), to be the complex 
defined as follows: Tot{K)n = © If a = 1, ...,k denotes the corresponding differential, we 

ni + ...+nk=n 

let K(^ni,...,nk) Tot{K)n-^Tot{K)n-i by defined by di + (—l)”i+”^d 2 + ... + (—l)"i+ -+"'“dfc. Clearly all of the 
above discussion applies to co-chain complexes and multi-co-chain complexes. 

Finally observe that if ATi,..., Kk are fc-cubical objects in an abelian tensor category A, there exists a canonical 
isomorphism NC{Ki)®....®NC{Kk) = NC{Ki® ...®Kk) of multi-complexes of degree k. It follows the associated 
total complexes will also be canonically isomorphic. Moreover there exists a natural map (called the shuffle map) 
s : NC{Ki) © ... © NC{Kk) NC{Ki © ... © Kk) that is compatible with the obvious action of the symmetric 
group on both sides. (This observation will be important later on.) We will describe this map explicitly when 
fc = 2 as follows. 

3.2. The shuffle map. Given two positive integers p and q, a {p, g)-shuffLe tt is a permutation of (1, ...,p + q) so 
that TT{i) < Tr{j) ior 1 < i < j < p and for p + 1 < z < j < p -|- g. We let p = the restriction of tt to (1, ...,p) and 
n{j) = 'x{j +p), 1 < i < g. Clearly tt is determined by (p, v) and therefore, we will identify tt with the pair (p, v). 
Given two chain complexes L and A', one considers DN{L) © DN{L') which is the diagonal of the double cubical 
object {DN{L)n © DN{L')m\n,m}. One obtains a map called the shuffle map 

(3.2.3.1) s = shuffle :Lp®L'q^ DN{L)p+q © DN{L')p+q 






which is dehned by 
(3.2.3.2) 
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shuffle{lp (g) Iq) = o ... O (Ip) Sp.^0 ...O (Iq)) 

where the sum is over all {p, g)-shuflles (/i, v) and where cr(/i) is the signature of the permutation p. (Observe that, 
we will often let A be a category of abelian sheaves on a site; we may in fact assume for simplicity that A is the 
category of abelian groups.) 

Proposition 3.3. Let A denote an abelian category with a monoidal structure. Then the functor NC is compatible 
with pairings. 

Proof. We skip this direct verification. (See for example [H-Sch] p. 257.) □ 


Remark 3.4. Let 6 denote a site and let Simpl.Presh{&) denote the category of all simplicial presheaves on the 
site 6. For each object X in the site C, we define a simplicial presheaf hx as the functor Y HomefY, X) 
represented by X. This defines a faithful functor h : C —> Simpl.Presh{C). (One may verify that hx is in fact a 
sheaf for each X in the site 6.) 

The category Simpl.Ab.Presh{&) is an abelian category with a tensor structure defined by the tensor product 
of simplicial abelian groups. Therefore the discussion in 3.1 applies to Simpl.Ab.Presh{6). 


3.3. The cubical endomorphism operad. In this section we will first introduce an operad, which will be an 
approximation to the the cubical endomorphism operad, that will play a key role in the paper. The operad we 
define here, will, in general, fail to be an £l°°-operad or even an acyclic operad; however it will act on the motivic 
complexes. (This will then be replaced by the cubical endomorphism operad which will be E°°.) 


3.3.1. It may be worthwhile recalling the properties of the internal horn functor TLom from section 2. Recall in 
particular that, if P' and P are the obvious constant simplicial presheaves associated to presheaves of sets, then 
'Hom{P',P) is also the constant simplicial presheaf associated to a presheaf of sets. In particular, this applies to 
the sheaves of sets hx , namely the functor represented by the object X of the site 6. 


Definition 3.5. Let 6 denote either the big Zariski or Nisnevich site of schemes of finite type over a given base 
scheme S. We define a bi-functor 

(3.3.3.2) Mapcube '■ {Simpl.Presh{6))^ x {Simpl.Presh{&) f^ {Simpl.Presh{&))^ ” 

Given P' and Pe{Simpl.Presh{&))^, we let 

Aiapcube{P', P) denote the cubical object defined as follows: 

(3.3.3.3) Mapcube{P', P)n = 'Hom{P' x hAr^,P) 


The co-cubical structure on P' x /ia" is induced from the one on P'. As n varies among all the non-negative 
integers, one obtains a cubical object in {Simpl.Presh{&)). More generally, if / is a small category, one may define 
Aiapcube '■ {Simpl.Presh{&)y x {Simpl.Presh{&))^ {Simpl.Presh{&))^ in a similar manner. 


Next observe that A (as in ( |3.0.3.4)) defines a co-cubical object of schemes and hence of simplicial presheaves. 

k k 

Therefore A® (defined by = A"i x • • •A"'”, with = n) and with the induced structure maps forms 

k 

a multi-co-cubical object of degree k in {Simpl.Presh{&)). We let A® denote the diagonal of the multi-cubical 

k k 

object A®. £ndA{k) = A4apcube(A, A®). Observe that this is a cubical object of {Simpl.Presh{&)). Moreover 

k 

observe that for a given scheme X over S, r(A, £ndA{k)^) = {X x A, A®) for all n > 0. We define 

£ndA{0) = {1} = the obvious constant sheaf and define an augmentation r] : T{X,£ndj\^{Q)) —» T{X,£ndj({\)) (for 
any scheme X of finite type over S) by sending 1 to the projection A x A —> A. 


One of the main result of this section is the following theorem. 

Theorem 3.6. The collection {£ndj\^{k)\k'\ with the action of the symmetric group Yk induced by the permutation 

k k 

action on the factors of the target A® in A4apcube{A, A^) and with the above augmentation is a commutative 
operad in Simpl.Presh{&))^ ^. 

Proof. We will verify the axioms systematically. Observe first that the action of the symmetric group is not free 
and £nd_A{k) is not necessarily acyclic, so that {£nd_A{k)\k} is not an A°°-operad. Let X denote a given scheme 
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over S. Now we define the map 7 : T{X,£nd_A{k)) x r{X, SndA{ji)) x ... x r{X, Sud^Uk)) —> £ndj[{j)) as 

the obvious composition: 


r{X,MapcubeiA,A^)) X r{X,Map,ube{A,A^)) x ... x T{X,MapcubeiA,A^)) 
^ T{X,Map,ube{A,A^)) x T{X,Map,ubeiA^,A^)) ^ riX,Map,ubeiAA^)) 


In more detail this map may be dehned as follows. Let fa ■ X XTlx ^ yl® denote elements of r(Ar, £ndA{ja))ij^ 

, a = l,...,/c. (Here denotes the cubical index.) We take their product, which is a map Hafa ■ Aa{X x A x 

j k 

Abx) ^ 7 I®. "We pre-compose this with the diagonal A : X x A'^ x HcAba —> Ila{X x ^ x A^a). This dehnes a 


map X X A® X Ho 


. This defines the hrst map above. Next let g : X x Ax , 


A^ denote a section of 


r(X, £ndAik))i^.. This induces a map idxgxid : X x X x Ax x H^Aba — > X x x HcAbj^ . Therefore we may 
pre-compose the map defined above with idxgxid. By pre-composing this with the diagonal X ^ X xX, we obtain 
lidk, /i, /fc)£r(X, £nd_A{j))i^+Y.aij^ ■ In view of the observations in ( |3.3.1 ), this suffices to define the map 7 as a 

map of simplicial presheaves. Observe that 7 maps r(X, £ndA{k)i^) x r(X, £nd^{ji)i.^ ) x • • • x r(X, £ndA{jk)ij^ ) 
to r(X, £ndA{j))ik+Y.cij^ and that it is compatible with the structure maps of the cubical objects £ndAiq) involved. 
In fact one may also verify the following: 


(3.3.3.5) 

for each hxed value of any (k — l)-arguments, it is a map of cubical objects in the remaining arguments 


One may now verify that the diagram ( 7.4.7.1) follows from the associativity of composition of maps; the 
remaining identities may be verified readily using the definition of the map 7 thereby proving the theorem. □ 


Remark 3.7. In order to obtain an acyclic operad this way, one needs to work systematically in the A^-local theory 
similar to that of [M-V] and show that the above operad may be functorially replaced by an operad that is acyclic. 
We will therefore digress to consider several results on A^-homotopies. A detailed discussion on localization of 
simplicial presheaves may be found in the appendix. 

3.4. The A^-local categories of simplicial presheaves. Let 6 denote the big Zariski or the Nisnevich site 
of all schemes of finite type over a given base scheme S. Let A^ denote the affine space of dimension 1 over the 
base-scheme S; we will identify A^ with the corresponding representable sheaf of sets h^i. This is an interval 
in the sense of [M-V]; i.e. one has maps ^ : A^ x A^ ^ A^ (given by the additive group structure on A^), and 
io,A : S' —> A^ which are the closed immersions corresponding to the points 0 and 1. (All products of schemes 
we consider will be fibered products over S.) Moreover, one obtains the following relations if p : A^ ^ S is the 
canonical projection: 

(3.4.3.1) p(io X id) = p(id x ffi) = zq op 

p(ii X id) = p(id X ii) = id 

the morphism zq U A : S U S —> A^ is a monomorphism 

One may extend p to maps (A^)" x A^ ^ (A^)" in the obvious manner, for each n > 1, by using the map 

p : A^ X A^ —> A^ on the last factor in (A^)". These maps also will be denoted p. 

Definition 3.8. Let f,g:P^P' denote two maps of simplicial presheaves. An elementary A^- homotopy from 
/ to p is a morphism iL : P x A^ —> P' so that H o io = f and H o ii = g. An elementary simplicial homotopy 
is defined similarly with A^ replaced by the constant simplicial presheaf A[l]. Two morphisms f,g '■ P ^ P' 
are A^-homotopic (simplicially homotopic) if they can be connected by an elementary A^-homotopy (elementary 
simplicial homotopy, respectively). 

Next, we recall the functor S'zrzp* defined in [M-Vj. We begin with the cosimplicial object A^i = {(A^)"]?!} 
whose structure maps are defined as follows. Let / : [n] = (0, • • • , rz) —> [m] = (0, • • ■ , m) be a morphism in the 

category A. Define a morphism of sets 0(/) : {1, • ■ • , m} —> {0, • • • , rz -|- 1} setting 

(3.4.3.2) (j){f){i) = min {^e{0, • • • , zz}|/(Z) > z}, if this set is not empty, 

= n + I, otherwise 
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Denote by prk : ^ {pf<j>(f){k) '■ (A^)” —> A^) the projection to the fc-th factor (the factor (j){f){k), 

respectively) and by p : (A^)” ^ S. Then Aai(/) : (A^)” —> (A^)™ is defined by 

(3.4.3.3) o Aai(/) =pr 0 (/)(fe), if (j){f){k)£{l, ...,n} 

= ioop, if (j){f){k) = n + 1 
= iiop, if (j){f){k)=0 

Given a simplicial presheaf P, we let Sing^{P) = the diagonal of the bisimplicial presheaf {'Hoto((A^)’”, P„)|n, m}. 

Proposition 3.9. (See [M-V] Proposition (2.3.4)-) Let f,g : P ^ P' be two maps so that there exists an ele¬ 
mentary h}-homotopy from f to g. Then there exists an elementary simplicial homotopy between Sing,,(f) and 
Sing^ig). 

Proof. Since Sing^^ commutes with products it suffices to show that the morphisms Sing(io), Sing{ii) : S 
Sing^iS) —> S'mp*(A^) are related by an elementary simplicial homotopy. The required homotopy is given by 
the morphism Sing.t{S) x A[l]i = A[l]i ^ Singi{A^) = 7iom(A^,A^) that sends the generator iieAjlJi to the 
element of Hom{A^,A^) which corresponds to the identity map of A^. □ 

Recall that each £nd^{k) is a cubical object in the category of simplicial presheaves. Therefore Z o Sing^, applied 
to this produces a cubical object in the category of simplicial abelian presheaves. On applying the functor NC to 
this object, one obtains a chain complex in the category of simplicial abelian presheaves. Finally one applies the 
normalization functor as in |7.3| to produce a double complex of abelian presheaves, whose total complex will be 
denoted 'D'_^{k). One may take the tensor product of this with N{(l{EYjk)) to obtain an A°°-operad. 

Definition 3.10. We let Vf^ifk) = Vj^fk) ® N{1,{EY,k))- Observe that this is a chain-complex trivial in negative 
degrees. We let denote the associated co-chain complex. 


Corollary 3.11. Each ho Sing<i:{£ndj\^{k))n (where n denotes the cubical degree) is an acyclic complex of abelian 
presheaves. The collection {Pj^{k))\k'\ forms an E°°- operad in the category Co — chain{Ab.Presh{&)). 


Proof. Let *er(A, £ndj[{k))Q denote the map X x A ^ yl® that is the composition of the projection X x A ^ A 

k 

with the diagonal A : ^ ^ yl®. This is the base-point of r(X, £ndj({k))o. We will also denote the map £ndji.{k) 
£nd_Aik) that factors through * by the same symbol *. We define a homotopy H : f nd^(fc) x A^ ^ £ndj[{k) between 

k 

the identity map of £ndA{k) and * as follows: H{f,t) = t.f + (1 — t).*, f£T{X,£ndA{k)) = Hom{X x 

k 

teT{X, A^). (We define t.f as follows. Let fi = pri o f where pri : ^ A denote the projection to the i-th factor. 

Then t.f = {p{t, /i),..., p{t, fk)). One defines (1 — t).* similarly. The operation -|- denotes taking the sum using the 
additive structure on each A™.) One may observe that H{ , ) : T{X,£ndA(k)) x r(A, A^) ^ r{X,£ndA{k)) 

defines the required elementary A^ homotopy. By Proposition |3.9| , such an elementary A^-null homotopy will 
induce a simplicial null homotopy on applying the functor Sing^, which in turn, will induce a chain null homotopy 
of the corresponding complex P'^j k). Th e o bservati on that Sing^, commutes with products, shows that one may 
apply Sing^, to the diagrams in ( 7.4.7.1 ), ( 7.4.7.2 ) and ( 7.4.7.3 ) for the operad {fnd^(fc)|/c > 0} and obtain 
corresponding diagrams involving Sing^ applied to the individual terms. This shows that {Sing^{£ndj\^(k)\k} 
forms an operad in the category (Simpl.Presh)^ . Since the free abelian group functor has the property that 
given two simplicial presheaves P and P', there is a natural map Z(P) (8> Z(P') ^ Z(P x P') and the functors 
NC and N both commute with tensor products, one may see readily that {'D_A{k)\k} forms an operad in Co — 
chain{Ab.Presh{&)). □ 


Definition 3.12. (The (degree-part of) the cubical endomorphism operad: the weighted cubical endomorphism 
operad) We call the operad {PAik)\k} the degree part (or weight 0 part) of the cubical endomorphism operad. 
We define the weight n-part of the cubical endomorphism operad On{k) = Pj\^{k) so that the map y/c : Ono{k) ® 
Oni (ji) ® ... G Orifc (jk) (ji -l- ... + jk) is merely the map 7 viewed as a map preserving the weights. The 

cubical endomorphism operad is the graded object 0(k) = © On(k). 

neZ 
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4.1. Throughout the rest of the paper, we will assume the base scheme S is th spectrum of a field k. Given an 
abelian presheaf P on [smt.schemes/k), we extend P to a cubical presheaf (i.e. a presheaf of cubical abelian groups) 
as is done for the simplicial case in [F-S]: i.e. we let C'*(P) denote the cubical presheaf defined by T{U,Cn{P)) = 
r{U X A",P). This cubical abelian presheaf may be replaced by the corresponding chain complex (i.e. with 
a differential of degree —1): this complex will be denoted NC{C^:{P)). (Now we may re-index NC{C^:{P)y = 
NC{Cif{P))-i to obtain a co-chain complex of presheaves that is trivial in positive degrees.) 

4.2. Given X, Ye{smt.schemes/k), we define Corq,f{Y,X) {Corf{Y,X)) be the free abelian group generated by 
closed integral subschemes Z C Y x X that are quasi-finite (finite, respectively) and dominant over some component 
of Y. 

Given a fixed Xe^smt.schemes/k), one defines presheaves with transfers, Zeq(X), Ztr{X) by T{U,Zeq{X)) = 
Corq,f{U, X) and T{U,ZtriX)) = Cor{U,X). It is observed in [F-S-V], that this defines a sheaf with transfer on 
{smt.schemes/k)Nis and {smt.schemes/k)zar- 

4.3. The motivic complexes Z{n). 

Definition 4.1. We let Z°“*'(n) =the presheaf C'*(Ztr((P^)"))/C'*(Ztr((P^)" — A”))[—2n] on either of the sites 
{smt.schemes/k)Nis or {smt.schemes/k)zar- (Observe the existence of a localization sequence C'*(Z(r((P^) — 
A"))[—2n] ^ C'*(Ztr((P^)"))[—2n] ^ C'*(Zeq(A"))[—2n]. Therefore one may identify the complex Z°“*'(n) with 
C'*(Zeq(A"))[—2n] upto quasi-isomorphism. Nevertheless, as will become clear in section 5, the above definition 
seems preferable for defining motivic cohomology operations.) If A is a smooth scheme over k, we also let Z™^(n) 
denote the restriction of Z'^“*'(n) to the Zariski or Nisnevich site of X. Z‘fy^{n) = r(X, Z™^(n)). We define 
Z™'’ = ©Z°“*'(n) and Z™'’ = r{X,Zyf^) . 

n 

Next, we consider the following results. 

Proposition 4.2. (BNC{C^,{Ztr{(P’^)^))/C^,{Ztr{{^^)"'—X'^))) is a presheaf of strictly associative differential graded 

n 

algebras. 

Proof Since each G*(Ztr((P^)”))/GH<(Ztr((P^)" — A")) is a cubical object in C{Ab.Presh{&)), the functor NC 
applied to it produces a chain-complex. One may observe that the pairing C^.(Ztr((P^)^))/C^,(Ztr((V^)”^ — A")) ® 
C'*(Zt4(pi)’”))/GH,(Zt,.((pi)'” - A™)) ^ C'*(Zt4(pi)”+'"))/GH.(Zt,.((pi)”+’” - A”+’”)) is given by taking an ex¬ 
ternal product followed by pull-back by the diagonal A : X ^ X x X. Therefore, this is strictly associative. The 
functor NC is compatible with tensor-product pairings; this proves the proposition. □ 

Remark 4.3. Nevertheless, observe that the above pairing is not commutative, but only commutative upto homo- 
topy. One of the main advantages of working in the cubical setting is that one obtains the above proposition; in 
the simplicial setting, one can only obtain a homotopy associative product. The remaining results of this section 
may be interpreted as proving this pairing is, in fact, coherently homotopy commutative. 

Let U : Simpl.ab.Presh{&) Simpl.Presh{6) denote the underlying functor. (Recall that U is right adjoint to 
the free abelian group functor Z.) 

Proposition 4.4. [/(Z™^) = C/(©GH<(Ztr((P^)”))/G*(Ztr((P^)” — A”))[—2n]) is an algebra over the cubical endo- 

n 

k 

morphism operad {£ndj^{k)\k} in the category Simpl.Presh{&). The structure maps 6k : Endj^ik) x [/((Z™^)^) ^ 
I7(Z°“^), A: > I are maps of multi-cubical objects. 

b ^ b 

Proof. We define maps Ok : £ndj({k) x [/((Z™ )^) ^ [/(Z°“ ) as follows. Let X denote a given smooth scheme over 
k and let feT{X,£ndjx{k)iy (Zer(X, [/(©C'*(Zir((P^)"))/G*(Zir((P^)” — A”))f))) be represented by / : A" x ^ x 

n ^ 

fc k 

A^'- ^ {ZeCor{X^ x A™i x A™*", (P^)^*"*) with Z = TlZi, ZieCor{X x A™%(P^)”*), respectively.) Here 

i 

Ymi = I 2 .) Now / induces a map fmi,...,mk ■ ^ ^ x A^^ ^ ^ ^ Therefore id x /mi,..,™*, x id : 

X'^ xX xA^'™' X A^i x A^*”* —> X^xAP'^* x ... x A^*™* x (pi)Si"y Now one applies the shuffle map s to Z to obtain 

a class s(Z)£Cor(A: x • • • x x A'© (pi)^*"*)/C'or(A x A^“™* • • ■ x x A'© (P^)^*"* - A^“"*). 

Therefore (tdx/mi,..xt(i)*(s(2')) represents a class in C'or(Ar ^ x A^*™* x A*© (P^)^*”*)/Gor(A ^ xA^'^'-’-x 
X A'© (Pi)^^”’* - A^*”*). We let 

(4.3.4.1) 6kif, Z) = A*{{id X frm,...,m, X idyisiZ))) 
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fc+i 

where A : X —> X ^ is the diagonal. Observe that now 6 k{f, Z) represents a class in 

In view of ( fl.S.ll), this defines the map 9k- Recall that £nd^{k) and 17(©C'*(Zjj.((P^)”))/C'*(Ztr((P^)" — A"))) 

71 

k 

are both cubical objects, while t7(©C'*(Ztj.((P^)"))/C»(Ztr((P^)" — A”)))^ is a fc-cubical object in the category 

n 

Simpl.Presh{&). One may verify that the pairing 9k is compatible with all the structure maps of the above cubical 

and multi-cubical objects. To see this it suffices to observe that the structure maps of the cubical object 

are obtained from the maps A^' —> Ah which are part of the structure maps of the co-cubical object A and that 

the structure maps of the multi-cubical object t/((©C'*(Ztr((P^)"))/C'*(Ztf.((P^)"' — A")))^) and cubical object 

n 

C/(©C'*(Ztr((P^)"))/C'*(Ztf.((P^)" — A"))) are obtained from the maps A™* ^ A™^ which are part of the structure 

n 

maps of the cubical object A. 


We observe this action sati sfies all the required conditions as in ( 7.4.7.4 ), ( 7.4.7.5 ) and ( 7.4.7.6 ). The 
commutativity of the diagram ( 7.4.7.4) will follow essentially from the following property of the shuffle map: given 
positive integers ji,..., jk with j = 'Ziji and cubical objects a = and /3 = the shuffle map 

S 

s : ®a, 0 NC{L‘^) NC{®a,i 3 L'^) factors as the composition of the shuffle maps: “ ®a=i 

NCNC . Moreover one needs the observation that the shuffle map is compatible with 
the obvious action of symmetric group on the various factors involved. The commutativity of the diagram ( 7.4.7.5) 
is clear. An analysis of the diagram ( 7.4.7.6| ) will show that its commutativity reduces to the observations that 
if creEfc, the action of a on £ndA{k) and on 17(©C'*(Ztr((P^)"))/C'*(Ztr((P^)" — A'^))Y are inverses to each 

n 

other. □ 

We will replace the algebra [/(©C'*(Ztr((P^)"))/C',(Ztr((P^)” — A"))) by the algebra 

n 

5zn5,(t/(©a(Z*,((pi)”))/a(Zt,((pi)’^ - A"))). 

n 

Clearly the latter is an algebra over the operad {Singi,{£ndj({k))\k}. Let 

Sing,{9) : Sing,{£nd^{k)) x - A"W) 

71 

^ 5in5.(C/(©C,(Zt,((pi)”))/C4Zt,((pi)” - A")))) 


(4.3.4.2) 


denote the map induced by 9. This is Z-multi-linear in the last arguments for each hxed value of the first argument. 
Therefore, we obtain an induced pairing 


(4.3.4.3) 


Z(5m(?*(d)) : Z{Sing4£ndA{k))) © (5'm5*(©C'*(Zt^((pi)”))/C.(Zt^((pi)” - A’^))))® 

71 

^ Sing4®C4Ztr{{¥^)"))/C4Ztr{(FT - A’^))) 


between multi-cubical objects in the category Simpl.ab.Presh{&). One applies the functor NoNC followed by the 
total complex functor to obtain corresponding pairings of chain complexes of abelian presheaves. It follows that 
Tot{N o AC'(5'm(7H.(©C'*(Ztr((P^)”))/C'*(Ztr((P^)" — A"))))) is an algebra over the operad {'D\{k)\k} and hence 

71 

over the £’°°-operad {7?^(fc)|fc}. 


Proposition 4.5. C'*(Ztj.((P^)"))/C'*(Zij.((P^)’^ — A")) is a natural split summand o/C'*(Ztr((P^)")) for all n. 

Proof. For each non-empty subset I of {I,...,n}, we let (P^)" = {(cci ,...,a;„)£(P^)" \xi = oo, iel}. Let i/* : 
C'*(Ztr((P^)7)) ^ C'»(Ztr((P^)")) denote the obvious map associated to the closed immersion ij : (P^)" ^ (P^)”. 
Let Pi : (P^)” ^ (P^)" denote the obvious map that replaces the i-th entry by oo. If p/* : C'*(Ztr((P^)")) ^ 
Ztr((P^) 7 )) denotes the map associated to pi, clearly the composition p/* o ii^, = id, i.e. p/* is a canonical splitting 
to i/*. Clearly C'*(Ztr((P^)" — A”)) is the sub-object of C'*(Ztr((P^)")) generated by the images of 7/*, as I varies 
over all non-empty subsets of {I,...,n}. Let 7* denote the inclusion of the former into the latter. Now the map 
p* = I]/(—1)“’'^^ where the sum varies over all non-empty subsets I of {I, provides a splitting to 

the map 7*. (See for example [SV] (3.0).) □ 
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Definition 4.6. Let d denote a fixed integer. We will view as a pointed object with the base point oo. Let 
TT : (P^)" —> denote the obvious inclusion into the first n-factors (i.e. with oo in the last d factors) if d > 0 

and if d < 0 let TT : (P^)" ^ denote the obvious projection onto the first n + d -factors. Now the map tt 

induces an obvious map (making use of the canonical splitting in the last proposition): 

: C.(Zt,((pi)”))/C*(Zt,((pi)” - A")) ^ C.(Zt,((pi)”+''))/C4Zt,((pi)”+‘^ - 

Observe that in case d < 0, the canonical splitting in the last proposition is essential in being able to define the 
map TT*: we will define tt* for d > 0 the same way. We dehne the pairing 

ld,k : 0d(fc)®iV05*rig*(a(Zt,((pi)”^))/a(Zt,((Pi)”^ -A"i))® ...®iVC5mg*(a(Zt,((pi)”^))/a(Zt,((pi)”'“ - 
A"'=)) 

^ iVC'5'm5,(C'.(Zt^((pi)^^"^+‘'))/C'H.(Zt^((pi)^^”^+‘^ - A^^"^+^))) 
by composing the pairing 

Ik : 2?A(fc)«)iVC5in5.(C'.(Zt,((pi)”^))/C'.(Zt,((pi)”^ - A"i)) ® ® ^C5in5.(C'.(Zt,((pi)”''))/a(Zt,((pi)’^'‘ - 

A"fc)) 

^ 7VC5m5,(a(Z,,((pi)^^"^))/C'4Zt,((pi)^^”- - A^^”0)) 

with the map tt*. 


Corollary 4.7. The graded compZea; A^C'(S'mg*(©C'*(Z(r((P^)"))/C'*(Ztr((P^)’^ — A")))) is a weighted algebra over 
the cubical endomorphism operad in the sense offn^ 


Proof. It suffices to verify that the arrows in the dia grams ( 7.4.7.4 ), ( 7.4.7.5| ) and ( 7.4.7. 6 ) preserve the appro¬ 
priate weights. The commutativity of the diagram ( 7.4.7.4) follows from the associativity of composition for the 
pushforward maps tt* in the above definition. Observe also that the operad as well as the symmetric groups 
act only on the degree-part of the motivic complex and their actions there commute with the push-forward maps 
TT* which affect only the weight-part. The commutativity of the diagrams ( 7.4.7.5 ) and ( 7.4.7. 6 ) are clear from 
the above observations. □ 


Definition 4.8. Observe that A^C'S'mg*(C'*(Ztj.((IP^)"))/C'*(Zir((P^)" — A”)))) is a chain-complex of simplicial 
abelian presheaves. We let Z'"°‘(n)[2n] be the co-chain complex of abelian presheaves obtained as follows. We 
first take Tot{N o A^C'(5'mgH.(C'H.(Ztr((P^)"))/C'H.(Ztr((P^)" — A"))))), where N denotes the normalization functor 
7.3|. This is a chain complex trivial in negative degrees. We re-index this chain complex as usual to obtain 


as m 


a co-chain complex trivial in positive degrees. This will define Z'"°*(n)[2n]. We let = 0 Z™°*(n), Z^°*(n) = 

n 

r(X,Z’J°‘(n)) and Z™°* = ©Z™°*(n). 


The above discussion proves the following theorem. 

Theorem 4.9. 2"*°* is an E°°-algebra over the E°°-operad {'DA{k)\k} and is a weighted E°°-algebra over the 
E°°-operad {Om{k)\k,m > 0} in the category Co — chain{Ab.Presh{6)). 


Next, we proceed to show that the natural map 

lVC(C*(Zi,((pi)"))/C*(Zt,((pi)” - A"))) ^ TotiN o NCSing4{C4Ztri(P^T))/C,iZtri{FT - ^"))))) 


induces a quasi-isomorphism. This will follow from the observation that both the above presheaves are A^-local 
(see 4.11) and ( |7.2.7.1 ) in the appendix) and that they are A^-weakly-equivalent in the A^-local category of 
simplicial presheaves sheaves defined as follows. 


Theorem 4.10. (Morel-Voevodsky) (See [M-V] Theorem 2.2.7) Let & denote the big Nisnevich or Zariski site of 
all schemes of finite type over a Noetherian base-scheme. Then Simpl.Presh{&) and Simpl.Sh{6) are cellular left 
proper simplicial model categories and the left Bousfield localization of these with respect to 21 = {hf^i —>■ hs} exist. 


The A^-local category of simplicial presheaves on 6 is the left Bousfield localization of Simpl.Presh{&) with 
respect to 21. (See the appendix for more details on this construction.) This will be denoted Simpl.Presh{&)%. 























The motivic DGA 


11 


Observe by the above theorem and by Proposition 7.5, that this is a left-proper and cellular model category which 
is also simplicial. 


Proposition 4.11. Let & denote the big Zariski site of schemes of finite type over a fixed Noetherian scheme S. 
Let 21 = {hji^i —>■ hs}. Let PeSimpl.Presh{&) be such that T(U, P) is a fibrant simplicial set for every U in & and 
so that P has cohomological descent on the Zariski site of every scheme Xe&. Then P is i^-local if and only if the 
map Ti.om{S, P) ?tom(A^, P) induced by p : A} ^ S is a weak-equivalence. 


Proof. Recall the internal horn in Simpl.Presh{&) is defined by the bi-functor Tiom. The proof follows readily from 
the definition ( 7.2.7.1), the relation between the above TCom and the bi-functor Map along with the observation 
that the maps 'Hom{S, P) TLom{S,QP) and Tiom{h.^,P) TCom{A^,QP) are weak-equivalences. (Here QP is 
the Godement resolution on the Zariski site; observe that P QP is a fibrant approximation to P in the model 
structure defined in Proposition 0 -) □ 


Proposition 4.12. Let & denote the big Zariski site of all schemes of finite type over a Noetherian base scheme 
S. Let PeSimpl.Ab.Presh{&) have the Mayer-Vietoris property on the Zariski site of a given scheme X. Then 
the presheaf Singif{P) also has the Mayer-Vietoris property on the Zariski site of X. 

Proof. The key observation is that P is a simplicial abelian presheaf. Now the diagram in |7.2| (ii) is a fibration 
sequence if and only if it is a short exact sequence of simplicial abelian groups. Recall Sing^(P) = the diagonal 
of the bi-simplicial abelian presheaf {7fom((A^)'", P„)|n, to}. Observe that, for each fixed to, and each fixed W in 
the site S, r(lT, 7toTO((Ai)'", P)) = Map{W,Hom{{A^)^,P)) = Map(lT x (Ai)™, P) = r(lT x (A^)™, P). (These 
follow from the observation that for a simplicial presheaf Q, T{W,Q)n = Homsimpi.Presh{e){W x A[n],Q) = 
Map{W,Q)n.) Therefore, the Mayer-Vietoris property for the presheaf P implies the Mayer-Vietoris property for 
each of the presheaves Tiom{{A^)'^, P), to > 0. i.e. for each fixed to > 0, and P, V open in the Zariski site of a 
given scheme X, the sequence (of simplicial abelian groups) 

r(Pu v,7foTO((Ai)’",p)) ^ r(p,HoTO((Ai)™,p)) X r(v,7foTO((Ai)™,p)) ^ r(Pn v,7foTO((Ai)'",p)) 

is exact. On varying to and then taking the diagonal, one still obtains a short-exact sequence. □ 


Proposition 4.13. The presheaves 

DN{NC{C4Ztr{{FY))/C,{Ztr{{F^ f - A'^)))) and 
DN{Tot{N o NCSing^{C4Ztr{{F^T))/C4Ztr{{F^T - A”))))) 


are both A^-local. (Here DN denotes the de-normalization functor sending a chain complex that is trivial in negative 
degrees to a simplicial abelian object as in 7.S.) 


Proof. It suffices to verify the criterion in Proposition 4.11 for the presheaf DN{NC{C^.{Ztr{{F^) ))/C'*(Ztr((P^) — 
A")))): observe this is quasi-isomorphic to the higher cycle complex on any quasi-projective scheme over k and 
therefore has cohomological descent on the Zariski site of any quasi-projective scheme over k. Therefore, the 
homotopy property of DN o (VC'(C'*(Ztr((P^)"))/C'*(Zjr((P^)" — A")))) implies that it is A^-local. Recall that 
Sing.,{C4Ztr{iF^f))/C^{Ztr{{F^f - A'^))) is the presheaf defined by r{U, Sing4C4Ztr{{F^f))/C.,{Ztr{{F^f - 
A")))) = A{T{U,nom{{A^)^,Ck[Zeg{A^))))\k,m} = A{Map{U x (A^)™, Cfc(Zeq(A’^))))|fc, to). Similarly r(P x 
Ai,5mg.(C'.(Zt^((pi)”))/C'*(Zt^((pi)”-A")))) = A{Map(PxAi x (A^)™, Cfe(Zeq(A"))))|fc, to}. Therefore, the 
homotopy property of fVC'(C'*(Ztr((P^)"))/C'*(Ztr((P^)" — A"))) implies that of 

Tot{N{Sing,{NC{C,{Ztr{{F^T))/C,{Ztr{fF^T “ A’^)))))). 


It follows from Proposition 4.12 and Proposition [7.3| in the appendix that the last complex also has the Mayer- 


Vietoris property on the Zariski site of a given Noetherian scheme and hence cohomological descent on the Zariski 
site of any Noetherian scheme. Therefore DN{Tot{N o 7VC'S'in5*(C'*(Z(r((P^)"))/C'*(Ztr((P^)” — A"))))) is also 
A^-local. □ 


Corollary 4.14. The natural map 

VC(a(Zt,((pi)"))/C*(Zt,((pi)” - A")))) ^ Tot{N o NCSing,{C,{Ztri{F^T))/C,{Ztri{FT - ^"))))) 

is a quasi-isomorphism. Moreover, this induces a quasi-isomorphism on taking sections over any smooth quasi- 
projective scheme over k. 
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Proof. By de-normalizing the above chain-complexes (which are trivial in negative degrees), one obtains a map of 
simplicial abelian presheaves. It is clear that the resulting map is an A^-we ak-e quivalence. (See for example, [M-V] 
(2.3.2).) Since both the presheaves are A^-local, it follows from theorem |7.9| (in the appendix) that this is also 
a weak-equivalence. Since both are simplicial abelian presheaves, a weak-equivalence is equivalent to a stalk-wise 
quasi-isomorphism of the associated normalized chain complexes. This proves the first statement. The second 
statement now follows from the observation that both complexes of presheaves have cohomological descent on the 
Zariski site of any smooth quasi-projective scheme over k. □ 


Definition 4.15. Recall from [K-M] Theorem 1.4, Chapter II, that there exists a functor W that converts any E°°- 
algebra tensored with Q to a quasi-isomorphic strictly commutative differential graded algebra. We will let Q™°* 
denote IT(Z'"°*0Q). We also let Q'"°*(n) the corresponding piece of weight n. If X is a smooth quasi-projective 

scheme over k, = r(X, Q™°‘) will be called the motivic DGA associated to X. 

Next we obtain the following corollary. 

Corollary 4.16. Q™°* is quasi-isomorphic to Z ™as a presheaf of E°°-differential graded algebras. Moreover, 
is quasi-isomorphic toZ™^(n)®Q and if X is a smooth quasi-projective variety, Qx°* is quasi-isomorphic 
to Z^°*®Q. 


Proof. It follows from the proof [K-M] Corollary (1.5), Part II that there is a natural map Z™^(n)( 8 )Q —> Q^°*(n) 

which is a quasi-isomorphism compatible with the pairings. The quasi-isomorphism in the last statement now 
follows from the last statement in corollary ( 4.14). □ 


5. Operations in motivic cohomology 


The results of this section follow by well-known results on algebras over A°°-operads modified appropriately to 
weighted algebras over weighted if°“-operads. The main observation is that the structure of an algebra over an 
if°°-operad induces various cohomology operations on the cohomology of the algebra. Let X denote a smooth quasi- 

projective scheme over a field k. Let p denote a prime different from the characteristic of k. Let A’ = 'i^°*®'Llp.'L 

z 

and let A* = lXl°*'®'Llp.'L. Recall the former is a sheaf of weighted if°“-algebras over the weighted A'^-operad 
defined in the last section. Observe that A is now a bi-graded £’°°-differential graded algebra, so that A* = ©A*(r). 

r 

Moreover E[j^^{X;7,/p{r)) = H'^{A*{r)) = CH''{X,2r — i^'Ljp'). In the following theorem, we define cohomology 
operations in mod-p motivic cohomology for all primes p > 2 simply as a direct consequence of the structure of an 
E^-algebra structure on the motivic complex', however, we only derive the expected relations for p > 2, leaving the 
remaining details to a sequel. 

Theorem 5.1. Ifp = 2, there exist operations Sq‘^‘^ = P'* : Hj^{X,Z/p{t)) Z/p(t-|-s)) and Sq'^‘^~^^ = 

PP^ : Hl,{X,Zlp{t)) ^ iL^'^+'(X,Z/p(t+ s)). 

Ifp > 2, there exist operations P® : H^{X,Z/p{f)) ^\x,Z/p{t-\-s{p—l))) and PP^ : Hj^{X,Z/p{f)) 

fj'i+Mp-i)-i-i^X,Z/p(t-\-s{p-l))) and 

These operations satisfy the following properties: 


Contravariant functoriality: if f '. X ^ Y is a map between smooth schemes over k, /* o P'* = P® o f* and 
f*oSq^ = Sq'^of*. 

Let xeHj^{X,Z/p(t)). Ifp > 2, q = 2s and t = s, P'^{x) = x^. Moreover, we obtain the following relations: 

(i) If P is the Bockstein, /3 o P® = /3P®. 

(ii) Cartan formulae: For p > 2, P^{x ® y) = E P^{x) ®P^{y) and 
PP‘^{x®y)= S pP^{x) ® P^ (y)-\-P^{x) ® PP^ (y) 


(Hi) Adem relations: (See [May-2] p. 183.) For i > 0, j > 0 two integers, we let (i,j) = (i -\- j)\/(i\.j\) with 
0 ! = 1 . Ifi<0 orj< 0 , we let {i,j) = 0 . 
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If p > 2, a < pb, and e = 0,1 one has 
(5.0.5.4) = S,(-l)“+*(a - pi,{p - l)h - a +i - 


where = P® while /3^P^ = /3P‘^. One also has 

/ 3 ®P“/ 3 P'> = (1 - e)S,(-l)“+*(a - pi, {p - l)b - a + i - l)/3P“+^-*P* 
-E 4 -l)“+*(a -pi-1,ip-l)b-a + i)l3^P‘^+^-^l3P^ 


(5.0.5.5) 


Proof. The proof follows by modifying the discussions in [May-2] section 5 and [CLM] I, section 1 appropriately to 
take into account the weights. Since the role of weights makes several changes necessary, we will provide a rather 
detailed discussion of this in the context of weighted P°°-operads acting on weighted P“-algebras. (However, it is 
still possible that some of the finer details in obtaining this weighted extension have been left-out; this is mainly for 
the sake of brevity and also because providing a line by line extension of the arguments in [May-2] to the weighted 
case would make the present paper rather monotonous to read.) 

For this, we let tt = Z/p and let W denote the standard 7 r-free resolution of Z/p as in [May-2] p. 157, but 
modihed so that it is a complex with differential of degree -1-1 rather than —1. (Accordingly IF®, t < 0, is the 
Z/p[ 7 r]-free module on one generator e^. We will consider the operation on tt multiplicatively and let a denote 
the generator of tt. Let N = 1 -|- a -I- ... -|- and T = a — 1 in Z/p[ 7 r]. Then one defines a differential d 

on IF = {W^\i < 0} by d{e2i-i) = Te2i and d{e2i) = Ne2i+i. An augmentation e : Wq T^jp is defined by 
e(a^eo) = 1. A coproduct structure if is defined on W by 1^(621-1) = ^j+k=ie2j ® e2k-i + ^j+k=i^2j-i ® 0'e2k and 
if{e2i) = T,j+k=ie2j 0 e2k + ^j+k=i+i^o<r<s<pcd’e2j-i ® a®e 2 fe-i. Then H*{W-,Z/p) has a Z/p-basis {ei\i > 0} 
so that (3{e2i) = e2i+i (where j3 is the Bockstein) and ip{ei) = Yij^k=iej (81 if p = 2 or i is odd and ip{e2i) = 
1Ij+k=i^2j <8 e2k if p > 2. We will view W as the obvious constant sheaf on the big Nisnevich site. We let 
W = © lF(r), where W (r) is a copy of W indexed by r which we call the weight of W(r). We will now extend ip 

reZ _ _ _ _ _ 

to a map ip :W so that ip preserves weights and where the weight of W{r) 8 W{s) will be r + s. 

Next one observes that Pa{p) provides a free resolution of the right Z[Ep]-module Z. Therefore, 0{p) = 
(B{On{p)\neZ} provides a Ep-free resolution of the constant sheaf of right Z[Ep]-modules, © Z. Let j :W ^ 0{p) 

n neZ 

denote a map of graded complexes so that in each degree n, jn is a map of complexes of sheaves Z/p[ 7 r]-modules. 
Let 9p : W 8 A®Ac)(p) Now one may compute H*{W 8 A®) = H*{0{p) 8 A®) as in [May-2] Lemma 


Z[7I-] 


Z[7r] 


1.3 and Lemma l.l(iii). The following are shown there. Let {xj\jeJ} be a Z/p-basis for H*{A) (viewed as an 
un-graded Z/p-module), and let B C H*{A^) = i7*(A)® have basis Moreover let H*{W;Z/p) have 

{epi > 0} as a Z/p-basis with Cq denoting l£i7°(lF;Z/p). For each integer j, let denote a copy of Cj. Then 
for each * = 0, ...,oo, © e/ 8 H is a summand of H*{0{p) 8 A®). Let : H*{0{p) 8 A®) ^ H*{A) denote 

jeZ Z[Ep] Z[Sp] 

_ _ P 

the map induced by the action of the operad on the algebra A and let : H*{W 8 A®) —> H*{A) denote the 

Z[tv] 

obvious composition. 

Now we define 

P®"’-(a;) = 8a;P),H®’’'(x) = 8 xP), 


(5.0.5.6) 


ps 


if p = 2 and 

-{x) = i-iyv{-q)9p4el2s-q){p-i) ® 2 :^'), H®’’'(x) = (- 1 )V(-g)0p4e/2s_g)(p_i)+i 8 x^) if p > 2 


where v{—q) is an integer as defined in [May-2] p. 162. (i.e. has weight r and degree (2s — q)(p — 1) 

so that the total weight (degree) of e/ 2 g_g)(p_ 2 ) 8 a;*’ is pf + r (g + 2s{p — 1), respectively).) We let 

(5 0 . 5 . 7 ) = psXs-t)(p-i) ^ pps ^ ^sXs-t)(p-i) 

The contravariant functoriality is clear by Theorem O- Observe that, since {ciji} is defined only for i > 0, we 
obtain the vanishing of the above operations P® when q > 2s for all p > 2. One shows as in [May-2] p. 163 
that if xeHj^(X-,Z/p(t)) and yeHj^{X-,Z/p(t’)), (x + yy — x^ — y^ is a boundary; since 0 *(e/ 2 s_,j)(p_i) 8 —) is a 
homomorphism, it follows that so is each P®’’’ and each P®’’’. Recall that eQei7°(tF; Z/p) is 1 and has weight 0; 
therefore if g = 2s and t = s, P®(x) = x^. One may show as in [May-2] p. 164 that / 9 (e 2 i 8 x^) = elf^ 8 x^ if either 
p > 2 or xeA^, with g even and that /^(e^j+i 8 x^) = 62 ^ 8 if p = 2 and xeA'^ with g odd. It follows readily from 
these that /3 o P® = /3P®. 
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Next we proceed to verify the Cartan relations for p > 2. Observe first that {A ® A) also has the structure of 
a graded algebra over the same graded operad {0{p)\p > 0}, which is defined as follows. The algebra structure 

P 

0(p) 0 (v4 0 v4)® —> ^ ® .A is defined as the composition 

0 {p) 0 ® 0 (p) ® ® 

(5.0.5.8) 

^0{p) 0 0 Oip) 0 A^^^^A ® A 


Here A denotes the diagonal map followed by the Alexander-Whitney map, 1/ is the shuffle map and T is the 
obvious flip map. It is shown in [CLM] I p. 8, that the first map above is compatible with the co-product structure 
Tp on W. Using this observation and the definition of ip as above, one obtains the identities for xeHjp^{X]'Z/p{ti)) 
and for yeHj^{X;Z/p{t 2 )): 


(5.0.5.9) 


_ n / i—ti 


{ 2 i-qi){p-l) 


^p*(®(2s-<j)(p-i) ® ( 2 ^ ® vY) 
0 xP) (g) g) yP) 


(5.0.5.10) 0p*(e«2-‘_,)(p_i)+i ® (a; ® VY) 


— '^i+j=e&p*ie^^2i-qi){p-l) + l ® ® (®(2J-g2)(p-l) ® ^P* )(p-1) ® ® ^P* (®(2j-92)(p-l)-|-l ® 


J-t2 


One needs to now observe as in [May-2] p. 162, that 0*(e5) g z) = 0 unless zeH'^{A), q is even and {n = 2j{p — 1) 
or n = 2j{p — 1) — 1 for some j) or zeH'^{A), q is odd and [n = (2j — l)(p — 1) or n = (2j — l)(p — 1) — 1). This 
readily proves the Cartan relations for p > 2. 


Next we consider the Adem relations also for p > 2. The crucial diagram is the following commutative 


provided by the structure of an algebra on A (see ( 7.4.7.4 ) with k = p, ji = j 2 = 
operad {0{p)\p > 0}: 


-jp = P, j = P ) 


diagram 
over the 


0{p) g 0{p) g ... g 0{p) g A® 


(5.0.5.11) idm 


0{p) g 0{p) g A® g ... g 0{p) g A® 


C>(p2) (g, A® 

0p2 

A 

Op 

0{p) g A® 


Next let Sp 2 act as permutations on the pairs (i,j), * < i < p, 1 < j < P- Imbed tt in Ep 2 by letting 
a(i, j) = (i -I- 1, j). Define ai£Ep 2 , 1 < 7 < p by ai{i,j) = [hj + 1) and ai(k,j) = {k,j) for k Y Let (3 = ai...ap 
so that p3{i,j) = ihj + !)• Then aat = a^+ia; aiaj = ajai and af3 = (3a. Let (3 generate v and let a = ttv and 
let T be generated by the at and a. Then cr C t, t is a p-Sylow subgroup of Ep 2 and is a split extension of 7ri...7rp 
by TT. Let ji : Wi = lU ^ 0{p) {j 2 ■ W 2 = lU ^ ^(p)) be the map considered above so that in each degree it is a 
map of Z/p[7r]-modules (Z/p[i/]-modules, respectively). Now the induced map ji g : lUi g W '2 ^ C>{p) g 0{pY 
is a map of complexes of Z/[r]-modules and is a quasi-isomorphism. Let Y —> OppY denote a map of complexes of 
Z/p^[t] which is a quasi-isomorphism and let w : lUi g lUf —> Y denote any r-equivariant map. Starting with the 
above diagram, now one obtains the following diagram with Opp) replaced by W and with OppY replaced by Y : 
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Wi ® wi ® A® 

(5.0.5.12) id0U 

Wi0(W2^A^)^ 


_ P 

y (g)y4® 
^ 2 

A 

m 0 A® 


This readily provides the relation for xeA'^ and m = {p — l)/2: 
(5.0.5.13) 


dp2*(u;*(e“ (g) (e“)P) ® ) = dp 2 ^(w (g> i(i)*(e“ (g) (e")^ ( 


' ) = 0p*(fd 0 S^)*{id (g) C/)*(e“ (g) (e^)^ (g) ) 

= (-l)'”-^-%*(e“®0p4e:g)xP)) 


Let r£Sp2 denote the permutation defined by r(i, j) = (j, j), i,j = 1, ...,p. Observe that T^ = id and that Toa = 
/3oa. The effect of conjugation by T, denoted T* on H*{W 2 ] 'L/p{q)) is given by rH.(e“g)e^) = (—1 (e" g)e“). 

Moreover, it follows as in [May-2] p. 176, that Wt:0 (j)* = 7* o </>* o w*. Therefore, 

(5.0.5.14) u;.(<()*(e“ (g) e^)) = (-l)’’'*+’”'«u;.(<(..(e: (g) e“)) 


Here 0* : H*{Wi g) W 2 ]'^/p) H*{Wi g) W^'.’^lp) denotes the map induced by id g (5 : Wi g IT2 

Z/p Z/p Z/p 

where d denotes the diagonal. As shown in [May-2] p. 176, one obtains: 


ITi g 


(5.0.5.15) 


0*(e“ g el) = Sfe(-l)'=i/(s)(fc, [s/2] - g (e^_2^^pi|))^ 


-d(r)<5(s - l)Efe(-l)'=i/(s - l)[k, [(s - l)l 2 ]-pk)elXpl(^ 2 i-s){p-i) ® {(^'l- 2 k(p-i)-i) 


u—Z(p—1) 


where v{2j -I- e) = (—l)l(m!)'^ and 5{2j -|- e) = e, j any integer, e = 0,1. 

(The arguments in [May-2] p. 176 depend on arguments in [May-2] pp. 205-207; these arguments may be modihed 
readily to consider the weighted case. The key observation now is that both the the left-hand and right-hand 
side of any equation there have the same weights and all arrows in the commutative diagrams preserve weights. 
With these observations, one may readily obtain the above equation from the a rguments in [May-2] .) Therefore, 
substituting for the right-hand-sides of the last equation in the left-hand-side of ( 5.0.5.13 ), ( 5.0.5.14| ) provides the 
equation: 


(5.0.5.16) 


9p2^{w g id)^,{(j)*iel g el) g x^^) 


(-l)"-"+™-%2,(a;gid),(</,(e^ ge/) gx^')) 


As in [May-2] p. 180, one obtains a similar relation when </* is replaced by /3 o (/*, where jS denotes the Bockstein. 
Therefore, after substituting for (/^(e/geg) and (/)*(e/ge/) from 5.0.5.1E| and interpreting the corresponding equa¬ 
tion in terms of the right-hand-sides of the equation 5.0.5.13 and finally on replacing r (s) by 2r (2s, respectively) 
one obtains the equation for e = 0,1: 


(5.0.5.17) 


T.k{-l)’"v{2.s){k,s - pk)6p^{ 
= Ei(-l)V(2r)(Z,r - pl)0p*{ 


g xP)P) 


u+(pk-v){p-l) n 

■2r+{2pk-2s){p-l)-e^P* 

v+(pl-u)(p-l) ^ u-i(p-i) ^ p\p\ 

•^2s+(2pl-2r)(p-l)-e’’P*\^2r-2l{p-l) ^) > 


/ v-k{p-l) 
y^2s-2k{p-l) 


Putting r = a{p — 1) — pqm, s = b{p — 1) — qm, j = b — k and i = a — mq — I, u-\-v = t + {a + h){p — 1) — tp^ we 
obtain 

(5.0.5.18) Ej(-l)^+^(6 - j,pj -b- mq)p’^P^+^-^P^x) = Ei(-l)“+*(a -mq-i,pi- a)f3^P^+^-^P\x) 

(Observe that now vp — k(p — l)p = {j — t){p — l)p, u + v — vp + k(p — 1) = {a + h — j—t — j(p — l))(p — 1), 
up — l(p — l)p = {i — t)(p — \)p and u + v — up + l(p — \) = {a + h — i — t — i{p — l)){p — 1).) The condition a > pb 
guarantees that the same terms do not appear with non-zero coefficients on both sides of the above equation. Next 
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suppose q = 2b — 2(1 + ... + for some t > 0. Then if j b, {b — j,pj — b — mq) = 0. On the right-hand-side 
of the above equation, = 0 unless 1 -I- ... -I- = b — q/2 > pi — a, while if p* > pi — a, then 

(a — mq — i,pi — a) = {pi — a, a — {p — 1)6 + p* — 1 — i) = {pi — a, a — {p — 1)6 — i — 1). Thus, the above equation 
provides the required Adem relation if g = 26 — 2(1 -|- ... + p*~^) for t > 0. Since this holds, therefore, for an 
increasing sequence of gs, by [May-2] Lemma 4.3, the first Adem relation holds for all g, xeA'^ if p > 2. We skip 
the derivation of the last relation which may be derived similarly. □ 

Remark 5.2. For an example take p = 2 and g = 2t, i.e. Hj^{X,'Z/2{t)) = CH*{X,0-,'Z,/2). Now one can see 
easily that, in the above set-up, the operation P® takes values in C'iF‘+®(A, 0; Z/2) = Hj^^^{X, Z/2(t -|- s)). Such 
operations were also obtained by Patrick Brosnan by different techniques. We thank Patrick Brosnan and Markus 
Rost for several discussions on this section. 

6. Relative mixed Tate motives for smooth schemes over a field k 

The results of this section generalize the constructions of [Bl-3], [Bl-K] and [K-M] for the category of mixed Tate 
motives over a field. We fix a smooth quasi-projective scheme X over a field k. We let A = Q^°*. We may assume 
therefore that A is bi-graded via fc-modules A{r), where qeZ and r > 0. Let denote the derived category of 
cohomologically bounded below A-modules, i.e. differential bi-graded A-modules M = (BM‘^{r) where M^{r) may 

q,r 

be non-zero for any pair of integers so that T-L‘^{M){r) = 0 for all sufficiently small g. One may define a functor 

L 

Q : Da —> P(Q — vector spaces) by Q{M) = Q(g)M. Here D{Q — vector spaces) denotes the derived category 

A 

of bounded below complexes of Q-vector spaces. Observe that this category has a natural t-structure, the heart 
of which is given by the complexes that have cohomology trivial in all degrees except 0. We let Ha denote the 
full sub-category of Da consisting of complexes K so that H'^{Q{K)) = 0 for all g 7^ 0. Let HHa denote the full 
sub-category of Ha consisting of complexes K so that H^{Q{K)) is a finite dimensional Q-vector space. We will 
make the following assumption throughout: 

6.0.19. the DGA A is connected in the following sense: H'^{A){r) = 0 for i < 0, H^{A){r) = 0 if r ^ 0 and 
H°{A){0)=Q. 

Now we obtain the following theorem as in [K-M]. 

Theorem 6.1. The triangulated category Da admits a t-structure whose heart is Ha- Moreover THa is a graded 
neutral Tannakian category over Q with fiber functor w = H^ o Q. 

Proof. The proof is essentially in [K-M] Theorem (1.1), Part IV. (The key idea here is to use the theory of minimal 
models.) □ 

One may apply the bar construction (see [K-M] p. 76) to the algebra A: we will denote this by BA. Let IA denote 
the augmentation ideal of A. We let XA = H'^{BA). This is a commutative Hopf-algebra and, as in [K-M] p. 76, 
is a polynomial algebra with its fc- module of indecomposable elements a co-Lie algebra which is denoted 7 a. Now 
we obtain the following result. 

Theorem 6.2. (See [K-M] p. 11) Assume the hypothesis ( {6.0.ttj) . Then the following categories are equivalent: 

(i) The heart Ha o/Da 

(ii) The category of generalized nilpotent representations of the co-Lie algebra 7 a 
(Hi) The category of co-modules over the Hopf-algebra XA 

(iv) The category Ta of generalized nilpotent twisting matrices in A 

The full sub-categories of finite dimensional objects in the categories (i), (ii) and (Hi) and of finite matrices in the 
category (iv) are also equivalent. 

Definition 6.3. (Linear schemes over k) (i) A scheme over Spec k is 0-linear if it is either empty or isomorphic 
to any affine space 

(ii) Let n > 0 be an integer. A scheme Z, over Spec k, is n-linear, if there exists a triple {U, X, Y) of schemes 
over Spec k so that K C A is an 5'-closed immersion with U its complement, Y and one of the schemes U or X 
is (n — l)-linear and Z is the other member in {[/, A}. We say Z is linear if it is n-linear for some n > 0. 
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(iii) Any reduced scheme X of finite type over Spec k will be called a variety. Linear varieties over k are 
varieties over Spec k that are linear schemes. 

Example 6.4. The following are common examples of linear varieties. In these examples we fix a separably closed 
base field k and consider only varieties over k. 

• All toric varieties 

• All spherical varieties (A variety X is spherical if there exists a reductive group G acting on X so that there 
exists a Borel subgroup having a dense orbit.) 

• Any variety on which a connected solvable group acts with finitely many orbits. (For example projective 
spaces and flag varieties.) 

• Any variety that has a stratification into strata each of which is the product of a torus with an affine space. 


Remark 6.5. If the field is not separably closed, not all tori are split; therefore the varieties appearing above need 
not be linear in the sense of the definition 6.3. Over non-separably closed fields, any of the examples will be linear 
if and only if the tori appearing in the strata are all split. 

Corollary 6.6. Let X denote a smooth (connected) projective linear variety over afield k (not necessarily separably 
closed), or any one of the schemes appearing in the examples above which are also connected, projective and 
smooth. Assume that the Beilinson-Soule conjecture holds for the rational motivic cohomology of Spec k, i.e. 
Hj^{Spec fc;Q(r)) = 0 if i < 0, Hji^{Spec k;Q{r)) = 0 if r ^ 0 and H)^{Spec k;Q{0)) = Q. Then the 
conclusions of theorem ( 6.i) hold for X. 


Proof. It suffices to show that the DGA, A appearing in the theorem is connected. If the field k is not separably 
closed, one may find a finite separable extension k' of k so that all the tori in the stratification of X split. By a 
transfer argument, one may therefore readily reduce to the case where k is separably closed. In this case, the variety 
in question is linear; therefore we may invoke the strong Kunneth decomposition for the class of the diagonal A in 
CH*{X X X). (See [J-1] or [Tot-1].) i.e. 

(6.0.6.20) A = x A = i:,p\{af) o p^ldf) 

where pi ■. X x X ^ X \s the projection to the z-factor and o denotes the intersection product. Now we proceed 
to show that any class xeCH*{X,n) may be written as a linear combination 

(6.0.6.21) X = Eitti opi^.{p*{fli ox)) = EiOfi op2*(Pu{Pi ° x)) 

Here pG.X^ Spec k is the obvious projection. To obtain ( |6.0.6.21 ), first observe that x = pi*([A] op 2 (x)). By 
the projection formula and the observation that the class [A] = A*(l), 1 = [X]£C H* {X ■,), we obtain equality of the 
classes [A]op2(a;) = A*(A*(p2(a^)). Thereforepi*([A]0^2(2;)) = pi*(AH.(A*(p2(a:)))) = (pioA)h.((p 2 oA)*(x)) = x. 
Now substitute the formula for [A] from ( |6.0.6.20| ) and use the projection formula to obtain the first equality in 
( 3.0.6.21| ). The equality of this with the right-hand-side follows by flat-base-change. Observe that aieCH*{X,Q). 
Therefore, the hypothesis that H(j^{Spec fc; Q{r)) = 0 for z < 0 shows readily that iL^(A; Q(r)) = CH''{X, 2r — 


= 0 for q < 0. (In more detail: let ai£CIP^{X, 0; ( 


= 7L^(A;Q(s)) svad let p)^,(j3iO x)eCH''(Spec k,2r — 


q-,Q) = H]^{X-,Q{r)) so that ai o p'l{p(^{(}i o x))eC[X,2r - q- 


= H^^+\X,Q{s + r)). E2s + q< 0, 
then q must be also negative, which implies, by the hypotheses that p'i^,{Pi o x) = 0.) The hypothesis that 
Hj^{Spec fc;Q(r)) = 0 for r 7^ 0 implies similarly that Hj^{X;Q{r)) = 0 also for r ^ 0. Since X is connected, 
the hypothesis that Hj^{Spec fc;Q(0)) = Q now implies iL^(A;Q(0)) = Q(0). i.e. We have verified that the 
DGA A associated to the motivic complex of X is connected in the sense of [6.0.19. □ 


The DGA A has a 1-minimal model, i : A < 1 >—> A. (Recall a connected DGA B is said to be minimal if it 
is a free commutative algebra with decomposable differential : d{B) C (I{B))'^ where I{B) is the augmentation 
ideal of H. i? < 1 > is the sub-DGA of B generated by the elements of degree < 1 and their differentials. The 
1-minimal model of a DGA A is a composite map i?<l>Ci?—>A with the last map a quasi-isomorphism and 
with B minimal.) The map i induces an isomorphism on and is injective on H^. We say A is a K{ty, 1) if i is 
a quasi-isomorphism. 

Theorem 6.7. (See [K-M] p. 11.) The derived category of bounded below chain complexes in Ha is equivalent to 
the derived category Ha<i> ■ 

Definition 6.8. (The category of relative mixed Tate motives over X.) Let denote the Hopf algebra H'^{BA). 
The category of (rational) relative mixed Tate motives over X, denoted X\T!F{X), will be defined to be the category 
of finite dimensional co-modules over Xx°*- 
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Theorem 6.9. If the DGA A is connected (in the sense of 6.0. lt\ ), AiT!F{X) is equivalent to the category THa- 
In particular, this h olds for all smooth (connected) projective linear varieties over k or for any of the varieties 
appearing in the list 6.) which are also connected, projective and smooth assuming the Beilins on-Soule conjecture 
(see above) holds for the motivic cohomology of Spec k. 

Let Q(r) be the copy of Q concentrated in bi-degree (0, r) and regarded as a representation of 7^ in the obvious 
manner. 


Corollary 6.10. If A is a K(7r,l), then Q(r)) = Extl^^{Q,Q{r)) ^ H'^{A{r)) = H)^{X,r) = 

CH-{X,2r-q-Q) 

6.1. Z-adic realization: DGA structure for etale cohomology. We will first sketch an outline of the corre¬ 
sponding Ladic realization. First, following the approach in [BGSV] and [BMS], one defines a Hopf algebra x^x 
so that the category of co-modules over it is equivalent to the category of mixed Tate Ladic representations of 
the (algebraic) fundamental group 7ri(A). (Here I is different from the characteristic of the ground field k.) (The 
elements of the Hopf algebra x^x 9-''® framed mixed Tate Ladic representations.) Using the cycle map and a variant 
of the bar construction, one applies the constructions of [Bl-K] to produce the Ladic realization functor. The 
relevant arguments are entirely similar to those in [Bl-3], [Bl-K] and are therefore omitted. 


Let k denote a field of characteristic p > 0 and let I denote a fixed prime different from p, 1 / > 0 an integer. Let 
^fj^iymot |-]^g mod-^'^ motivic complex sheafified on the big etale site of all smooth schemes of finite type over 

k. Let {0{p)et\p >} denote the operad {0{p)\p > 0} sheafified on the big etale site; this is a sheaf of K°°-operads 
on the big etale site. Moreover by Suslin’s rigidity theorem, one knows that identifies with the sheaf pit- 

and that the (etale) hypercohomology of a smooth scheme X over k with respect to the former complex identifies 
with the etale cohomology with respect to Therefore provides an i?°“-algebra structure for etale 

cohomology. Taking the sections over a given smooth scheme X, then the homotopy inverse limit over v ^ 00 , 
tensoring with Q and applying a functor W as in 4.15 , one obtains a strict DGA-structure for continuous /-adic 
etale cohomology. 


Observe as a consequence that the cycle map from the motivic complex to mod-G-etale cohomology may now 
be identified with the map induced by the obvious map: Z™"* ^ i?e*(Z/Z‘^™°*) where e is the obvious map of sites 
from the big etale site to the big Nisnevich site of smooth schemes of finite type over k. (Observe that the obvious 
map 0{p) Re*{0{p)et) makes the latter a sheaf of i?°“-algebras over the former.) It follows that the above cycle 

map is compatible with i?°“-DGA structures. (In fact this is needed in the Ladic realization as outlined in the first 
paragraph above.) 
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7. Appendix 

7.1. Localization of simplicial presheaves (after Hirschorn and Morel-Voevodsky). We begin with the 
following two results, which are, by now, well-known in the literature. (See for example, [Jar].) 

Proposition 7.1. Let & denote a small site with enough points. Then the following structure defines the structure 
of a simplicial model category on Simpl.Presh{6) (or on the category Simpl.Sh(&) of simplicial sheaves on the 
site 6 ): 

• cofibrations are monomorphisms of presheaves 

• a map f : P' —>■ P is a weak-equivalence if it induces a weak-equivalence of the simplicial sets forming the 
stalks 

• fibrations are defined by the right lifting property with respect to maps that are trivial cofibrations (i.e. cofi¬ 
brations and weak-equivalences) 

Moreover the following additional properties hold: 

• this model category structure is cofibrantly generated where the generating cofibrations I (generating trivial 
cofibrations J) is the set of cofibrations (trivial cofibrations, respectively) i : U ^ V so that there exists a 
large enough cardinal number a with the cardinality of each Vn{X) smaller than a, Xe&, n > 0. 

• Let QP = holim{G^P\n} denote the Godement resolution (as in [J-2]). Then QEx°°P is a fibrant object in 

Simpl.Presh{&) so that the natural map P —> QEx°°P is a weak-equivalence. (Here Ex°° is a functor that 
produces a functorial fibrant approximation to a simplicial set.) 

Definition 7.2. (i) We say a presheaf P has cohomological descent on the site G, if for each Lf in S, the natural 
map T{U,P) —> hohm{r(?7, G”P)|n} is a weak-equivalence. 

(ii) Let S denote the Zariski site of a Noetherian scheme X. We say that a presheaf P has the Mayer-Vietoris 
property on A, if for any two Zariski open sub-schemes U, V of A, the diagram 

T{u uv,p) ^ r{u, p) X r(y, p) r({7 n v, p) 

is a fibration sequence of simplicial sets. 

Proposition 7.3. Suppose X is a Noetherian scheme and P is a simplicial presheaf on the Zariski site of X having 
the Mayer-Vietoris property. Then P has cohomological descent on the Zariski site of X. 


For the rest of this section we will assume that 6 is either the big Nisnevich or Zariski site of all schemes of 
finite type over a given base scheme S. In order to consider the A^-homotopy theory on Simpl.Presh{&), we will 
first recall a few basic facts on localization of model categories, from [Hirschj. 

Definition 7.4. (See [Hirschj chapters 12 and 15.) (i) A model category is left proper if every pushout of a 
weak-equivalence along a cofibration is also a weak-equivalence. 

(ii) A cellular model category is a cofibrantly generated model category for which there exists a set / [J) of 
generating cofibrations (generating trivial cofibrations, respectively) so that both the domains and the codomains 
of the elements of L are compact, the domains of the elements of J are small relative to / and the cofibrations are 
effective monomorphisms. 


Proposition 7.5. (See [Hirsch] chapters 12 and Ij.) (i) Every pushout of a weak-equivalence between cofibrant 
objects is a weak-equivalence in any model category, (ii) If A4 is a model category where every object is cofibrant, 
A4 is a left proper model category. In particular, the categories, Simpl.Presh{@) and Simpl.Sh{&) on any small 
site 6 are left-proper as well as cellular. 


Proof. All the assertions are clear, except the one claiming the categories Simpl.Presh(&) and Simpl.Sh{&) on 
any small site 6 are cellular. To see this, recall that the generating cofibrations / (generating trivial cofibrations 
J) are those cofibrations i : U ^ V as in Proposition 7.1. Therefore, the cellularity of the above categories is also 
clear. (One may readily show that these cofibrations are in fact effective monomorphisms.) □ 


7.2. Left Bousfield localization of simplicial model categories. Let Ml denote a simplicial model category 
and let Map : A4°^ x Xi ^ {simplicial sets) denote the bi-functor defined by the simplicial structure. Assume 
that every object of Xi is cofibrant. 
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Definition 7.6. Let S denote a set of morphisms in Ai. An object bL of At is S-local if W is fibrant and for every 
s : S'! ^ S'2 in iS and any Z in At, the induced map 


(7.2.7.1) 


Map{Z xS 2 ,W)^ Map{Z x Si, W) 


is a weak-equivalence. A morphism / : A ^ y in At is an S-weak-equivalence, if for any iS-local object Sq 
of At, the map HoiriHMiY, So) HoniHMiX, So) induced by / is an isomorphism, where HA4 denotes the 
homotopy category associated to At. The iS-cofibrations are defined to be the same as the cofibrations of At and 
the iS-fibrations are defined by right-lifting property with respect to all maps that are cofibrations and iS-weak- 
equi valences. 

The left Bousfield localization of At with respect to 5 is a model category structure on the same category 
underlying At where the cofibrations (fibrations, weak-equivalences) are the iS-cofibrations (iS-fibrations, iS-weak- 
equivalences, respectively). 


Remark 7.7. One may verify readily that W is iS-local if and only if W is fibrant and for every map s : Si S 2 , 
the induced map s* : Map{S 2 , W) Map{Si,W) is a weak-equivalence. 


Theorem 7.8. (See [Hirsch] chapter 4-) Let At denote a cellular left proper simplicial model category and S a 
set of morphisms in At. Then the left Bousfield localization of Ai with respect to S exists. If Ls{A4) denotes this 
localization, then this is a left proper cellular simplicial model category. 


Theorem 7.9. (S-local Whitehead theorem)(See [Hirsch] (3.3.1).) Assume the situation of the above theorem. Let 
f -. P ^ P' denote a map that is an S-weak-equivalence with P and P' both S-local. Then f is a weak-equivalence. 

7.3. The Dold-Puppe correspondence. Let A denote an abelian category; a chain complex AT in A will denote 
a sequence AT^eA provided with maps d : Ki ^ AT^-i so that df = 0. Let Co (A) denote the category of chain 
complexes in A that are trivial in negative degrees. One defines the de-normalizing functoriDA : Co (A) ^ 
{simplicial objects in A) as in [Ill] pp. 8-9. DN will be inverse to the functor N : {simplicial objects in A) ^ 
Co(A) defined by {NK)'^ = n ker{di : Kn Kn-i) with 5 : {NK)n {NK)n-i induced by dg. 

i^O 

We will define the Godement resolution for chain complexes of abelian sheaves the following way. Given a chain 
complex, P, of abelian presheaves on the site ©, we let Q{P) = A(hohm{G"(DA(P))|n}). (One may observe that 

hohm{G"(DA(P))|n} is a simplicial abelian presheaf so that one may apply the normalization to it to produce a 
chain-complex.) 


7.4. Operads. Basic definitions of operads and algebras over operads for topological spaces may be found in [May- 
1]. The same definitions apply with minor modifications to the unital symmetric monoidal category Presh{6) as 
in section 1. Recall the main result of section 3 is the construction of an A°°-operad in the category Co — 
chain{Ab.Presh{&)) by first constructing an operad in the category Simpl.Presh{&). The following detailed 
definition of operads in the general setting of Presh{&) is provided so as to clarify the details of this construction. 
(Recall Presh{&) is assumed to be provided with the structure of a unital symmetric monoidal structure as in 
section 1.) 

An associative operad (or simply operad) O in Presh{&) is given by a sequence {0{k)\k > 0} of objects in 
Presh{&) along with the following data: 

for every integer k > 1 and every sequence (ji, ■■■,jk) of non-negative integers so that Sffzflji = j there is given a 
map 7fc : 0{k) 0 0{ji) 0 ...0{jk) C(j) so that the following associativity diagrams commute, where Zifziji = j 
and = i] we set ga = ji-\-... -\- js and ha = ig,_i-\-i + + ig,, ior 1 < s < k: 
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(7.4.7.1) 


0{k) (g) ( 4 0{js)) (g ( g 0{ir)) 
s=l r=l 


shuf fie 


■ 0{j) g ( g 0{ir)) 
r—1 


Oil) 


0{k) g ( g OOs)) g ( ^ 0{k) g ( g C>(/l,)) 


S=1 


<7=1 


In addition one is provided with a unit map rj : u ^ C^(l) so that the diagrams 
C>(A:)g(u®)^-^0(fc)and ugC>(j)^ —^ 0(j) 


0(fc)gC>(l)® 

commute. 


0(1) g o(j) 


A commutative operad is an operad as above provided with an action by the symmetric group on each 0{k) 
so that the diagrams 


o{k) g Op) g • • • Op) — >-p{k) g o{j,p ■ ■ ■ 0(j,(fc)) 


(7.4.7.2) 


and 


op 




y(k)‘ 


op 


o{k) g op) g • • • Op)-^p{k) g op) g • • • op) 

2a0Ti0-"(8)Tfc 


(7.4.7.3) 


0(j) 


ri©---©rfc 


op 


commute. Here aeHk, , the permutation cr{j„(^i) , ...,ja{k)) permutes the fc-blocks of letters of length j£r(i) • • ■ ja(k) 

as cr permutes k letters and ti © • • • TksJ^j is the block sum. 

For the remaining statements, we will assume that the category Presh{&) has a model structure, so that it 
makes sense to consider objects that are acyclic, i.e. weakly-equivalent to the unit object u. An operad is an 
A°°-operad (or acyclic operad) if each 0{k) is acyclic. It is an A°°-operad, if in addition, it is commutative and 
the given action of on 0{k) is free. 

Definition 7.10. A weighted operad {0{k)\k} is an operad which is graded in the sense 0{k) = \JOm{k) so that 

m 

the maps in the above diagrams preserve the weights. (The weight of Onp) g Onpi) g ••• g Onpk) is E^LqU*.) 


Remark 7.11. The free abelian group functor Z : {Simpl.Presh{&)) —> (Simpl.ab.Presh{6)) will provide a means 
of constructing operads in the category of simplicial abelian presheaves by starting with an operad of simplicial 
presheaves. This has the following property: given two simplicial presheaves P and P', there exists a natural map 
Z(P) g Z(P') ^ Z(P X P’). i.e. the functor Z : Simpl.Presh{6) Simpl.Ab.Presh{&) is compatible with the 
tensor structures. 

3 

Definition 7.12. An algebra A over an operad O is an object in Presh{&) provided with maps 6 : 0(j)g A® ^ A 
for all j > 0 that are associative and unital in the sense that the following diagrams commute: 
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Oik) 0 Oiji) 0 ... ® Oijk) 0 

(7.4.7.4) shuffle 


Oik) (g) Oiji) 0 0 ... g) Oijk) g 

and 

M g A —A 
(7.4.7.5) v^id 

0(1) g A 

^ weighted algebra A over a weighted operad {Oik)\k} is a graded algebra A = UA(m) over the operad {0(fc)|fc} 

m 

so that the appropriate arrows in the above diagrams all preserve the weights. 

If the operad is A°°, we will refer to the algebra A as an ^“-algebra. If A is an algebra over an operad O as 
above one defines a left A-module M to be an object in Preshi&) provided with maps A : 0(j) g Ad~^ ^ M ^ M 
satisfying similar associativity and unital conditions. Right-modules are defined similarly. 

A commutative algebra over a commutative operad O is an A°° algebra over the operad O so that the following 
diagrams commute: 



Oij) g A® 

9 

A 


C>(A:) g A® 


Oij) g A®-^ Oij) g A® 



If, in addition, the operad is E°°, we will refer to the algebra A as an A°°-algebra. 

One may now observe the following. For each integer n > 0, let u[Sn] = U u denote the sum of u indexed by 
the symmetric group S„. One may define the structure of a monoid on as follows: 

let Ug denote the copy of u indexed by ge^n- Now we map Ug g Uh to Ug,h by the given map g, •. u ® u ^ u. 


If 0 is a commutative operad in Preshi&), one may now observe that each Oik) is a right-module over the monoid 
■u[Sfc]. (Observe that 0(fc) g = © 0(fc) g Ug. We map Oik) g Ug to 0(fc) g u by the map g g id. Now 

apply the given map Oik) g m ^ Oik).) 
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